HREERE
0000 0000

PPL 2016 DO UOOOOO, 2016.




oot

Jubgdbootdbootdbobotgtn
Jootd

> oot

Jogboogootdbotoboogbod



Jooboodog

(3+5)x(1+2) 00000



Jooboodog

(34+5)x(14+2)=24000000

(3+5)X(14+2) — > 8X(1+2) — > 8x3 i 24

o / e

(3+5)X3 ———>3x3+5x3 —>9+5Xx3 —>9+15

> 0000000000000000000000 (CR)
> 00000000000 (CR)
> 000000000000000 (SN)

Jooodootd: gdbootdbodgobotdoodbooggogd



(CR) (SN)

confluence O O O O O strong normalisatoin

Church-Rosser [ 0 [ [

a
\/

HEN




(CR)

(SN)




Juoogdoootdn

bbb otdboogbbtgdod

1. bbb otbootgubd

ty —> bty —— o

/ \
to v (000 =0000)

\ /

81—>82—>000

2. 0000000 (decidable) DO O0OOoOoOoOO

‘?

s ="1 = (10 or [



CROOOO SNOOOO

000 (CRYOOOOooOooon
coin — [
coin — [
OO0 (N OoOooooooo

{Q—>ﬂ

Oo0d: @ — 2 — .-
000: a— f(a) — f(f(a)) — ---



Jooboodog

>
>
>
>
>

AUODOD — 000000

Oo0o0oo (0 boooooo)

oot

Coq, Agda OO0 rewrite OO OOOOOOO

Haskell O rewrite U OO OO OOO



Juoodooodd

> 00000000 (Knuth-Bendix'70)

10



EREEEEN

(S M
(r-y)-z
x—1.

11

~~




Juoood

r-x l=e00

e=(zx-z7H) . (z-x271)
=(z-z7)" - (z- (e z7T))
=(z-z7) - (z-((z7"2) - 2T))
=(z-z7 ) ((z- (7" 2)) 27T)
=(z-z7) 7 (((-z7") - 2)-277)
=(z-z7) 7 (((-277)) - (z-277))
=((x-z7 ") (z-z7)) (- 2TT)
=e-(x-z 1)

:w-w_l

O0D0o000oooooooo » 0000 (Knuth-Bendix'70)

12



U —-Uuoobdg

Jubgdbgtdootd —bootgtuogd

( )
e - — I

E=< 1.2 — e >

| (z-y)-z2 —x-(y-2) )

(z-z™)" e (z-ax™h)) - (z-z ")

/ \

e (z-ax” ") CRE D R ((CXE ) RN C I )

000 z-x=e

13



U —-Uuoobdg

Jubgdbgtdootd —bootgtuogd

( )
e - — I

E=< 1.2 — e >

| (z-y)-z2 —x-(y-2) )

(z-z™)" e (z-ax™h)) - (z-z ")

/ \

e (z-ax” ") CRE D R ((CXE ) RN C I )

Juoodbootd

> U0 bid«=ubouguogyng

U s=¢t 0 sttty
14



U —ddobobttdoood

ooy

S

N

Jogood
Jooooguodd

0d

15



000000000 00000 [Knuth-Bendix'70]

| (@-y)-z =x-(y-2) |

., 00o0o0oo
(€'€B — I Xr - e — I \
x~l.x — e xr.pr L S e
R=4 (z-y)-z —z-(y-z) ()" -z >
e—1 e (z - y)~? oyl
Lzt (zry) —y z-(x7l-y) —y }

1. ROOODDDDDOO0O000DDDD0 E00ODDDDOO (E00O0O0D)
2. E00 s=t000000 < s—*3Ju<—*t (000 CR)

3. ROODODOOODOOOODODO (OO SN)

16



000000000 00000 [Knuth-Bendix'70]

( )
SR =

| (@-y)-z =x-(y-2) |

L oodood
(e — T-e
r1l.x — e T
R=4 (z-y)-z2 —z-(y-2z) (7)™
e~ 1 — e (x-y)~?!
Tl (zry) —y z-(x7-y)

4, ROODODOODOOOOOOODODO (OoOoOo)ooo

m.m—l :? e
\ %DDD
e
17

_>w

ée

ﬁw

—>y_

— Y




L [

> 00 0. Knuth-Bendix0OODOODOODO0OO0000OD. 0000000OOOOO,
4(1), pp.2-22. 1987.

> 00 O0ob. 0ogodoogogo. gogo, $s98-15, pp.31-38, 1998.

> U0 O0d. gdootdboodgtoo. oogubodtd, Vol.l16, No.b, pp.668-674,
2001.

» 000000
> KBCV (DOOOOODO)
> Maxcomp (JAIST)
> mkbTT (DOOOOOO)
> Waldmeister (Max-Planck OO 0)

http://cl-informatik.uibk.ac.at/users/ami/15isr/tools.php

18



Juoopgtdoottdln — oot dood

Juoguogd

1. Db bbb otdbod

ty —> tg ———» -

/ \
to v (000 =0000)

\ /"

81—>82—>000

2. 00 —0O0O: 0000000 (decidable) DO OOO0O

‘?

s="1 & S t

N
N

O

10



L [

Jodod CROSNUOODOOOO ODOoodd
1. oot —oogudoon
2. 00000 (Term Rewriting Systems, TRS)  f(x,C(y)) — g(x,x, A)

3. 000000 (Second-order Rewrite System) (Ax.M|[x]) N — M|[x := N]

/ RSN \

“EERXR

20
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Jooboodog

Jo0000000oO0O0--- 000000000
000000 A= (A,—) OO

A00O, - A0O002000

[
(3+5)%x3 3X34+5X3—94+5%x3—>9+4+15

A={B+5)x(1+2), 8x(1+2),}

AO0U000 — ODOO0O0OOO0OO0OO0ODOOOOO

— = {(B+5)x(1+2),8x(1+2)), (8x(1+2),8%3),...}
100000000

29



Jooboodog

Juogdoogdoogd ... gdbootdbotdd

000000 A= (A,—) OO
A:DO0, - AD0D02000

' 7

A = {avbacadae’fagah}

AO0U000 — ODOO0O0OU0OO0OOoooboOooo
— = {(a,b), (b,c),...}

23



HREEN

00 0DO0O0DbOD0 A=(A,—-)) 000000000 DOODOO0OODOODOOO0DOO0OOd

L] : a b C e f

N\

00 00 e 0000000 0O0OOOOODODOO0aeO00O0O0OOO (Uniqgue Normal form,
uN)Oooooooad

0ADOUND < 0000 aee AD UN

d

24



000000000 (uNn)ooooooood

2

JU: dbootdbbotggbtgtdbootdbootdbogbbtgdbootbootbotgbbotgd
HEN

o5



Job: CR

» UNOODODODODOOOOODODOODO
000000 —*= |J;sg—* 00000000000
00 000000 A= (A,—)0 a€ ADDO0O (Confluence, CR) OO [

a—*b N a—c = 3Id € A. b—"d N c—*d

N
\/

HREEN

1ADD0D00(CR)DDODD0 € 0000 ec ADDD 0000000

26



L [

00
A0O00ODO (CR)OODO = AQOUN@DODOO)ODCO

ZN

ot b c 00

0

o7



L [

L1 [
AODOOO0O0 (CRYOOO
0

oo b

Joodbo crROOOOO
b CRUOOUOOODOOON

= AQOUNDDODOOO0)DDOO
a
d

oo

c 000 —

UN<=CR<«= 77

28



Joot: WCR

HpN
000000 A=(A,—)0 a€e AODDOODOO (Weak Confluence, WCR) OO [

a—b AN a—c = 3dde Ab—*d N c—*d

N\
\/

1ADDDDD00000 <4 0o0DecADDDD aDOOODO (WCR)DODD

20



HREEN

OO0 OO0 e O OOOOOO (Strongly Normalization, SN)

& e ADDDODOODOODOOO

a_>a/1_>a2—>ooo

Juboggdod

Joogud

Joogguod

30)




HREEN

OO0 OO0 e O OOOOOO (Strongly Normalization, SN)
& e ADDOoOooooOooonoo

a_>a/1_>a2—>ooo

0ot ggn
HREgERERERE
T I k
a b C g

Juoogubogun

31



Newmann [ [ []

00
000000 A0 OO0 (SN)DODODO & 0000 (WCR)DODOO

= AQ000O0 (CR)ODODO
O0: - 0000000000 (well-founded induction) 00O OO

O\

NN
S
S



HREEN

A:000 (SN)&DO OO0 (WCR) = A:000 (CR) = A:00000 (UN)

Joooood wCR O SNOOUOOOOoOOO» doogg
oot

Jubogdb U ootdboougbbotgtbgtdbotdbootbougbbgd
000000l g0 (OOO)000O0O0 ROOOODOOO

e-x — T - e —
x~1l.x — e 1 — e

R={ @z —ao(y2) @H? —a >
o—1 e (x - )1 y~l.g—t
CzTl(zry) —y z-(x7ly) —uy }

Jobot: gtdbogtuotgd
33



HRERIR

“HEERXR

34



(Term Rewriting System, TRS)

35



ERNENRNRN

00 O+y—uy
S(z) +y — S(z+y)
00 fact(0) — S(0)

fact(S(x)) — fact(x) * S(x)

Combinatory Logic

(S z)-y) z—(x-2)(y-2)
(K -x) -y —=x

36
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ERNENRNRN

O O+y—uy
S(x)+y — S(zr+y)

000
0+ (S(5(0)) +5(0)) == 0+ S(5(0) + S(0)) —»=r 0+ 5(S(5(0))) —=S(S(S(0),
000
(00) O Terms 2 tau=x | f(t1,...,tm)
00000 —r C  TermsXxTerms

oottt : O0: (Terms,—x) 00O00O0O0DO0OOO

Il —-reR s —pr t
10 —5 r0O f(...,8,...) =>r f(...,t,...)
OO0O0ooo0n OO0oooo0ooooao

000 e 00000D0OOO0O0OODOOO (matcher)
38



000 (CR)DDDDOO

TRS R UOODOUOOOOOOO

(i) ROOOO GN)OOOOOOOOO0OOOO0O [Knuth,Bendix'70]
(i) ROODOO(SN)ODOD0O0D0OODO0O0ooooon

(iii) (Orthogonality) DO DO O0O0O0O000O0O [Rosen'73]

(iv) 0000 paralell closed [Huet'80]
..00000 [00'81,88][van Oostrom’'95] 00000

(v) (Persistence) R 000000000 CROODDOOO RO CR[ODO,D00'97]

0: (i)(@ii) O NewmannDODODO (SN 4+ 0000 (WCR)=CR)0DODODOODO

> U U0y

http://cl-informatik.uibk.ac.at/users/ami/15isr/tools.php

30



ERNENRNRN

00
O+y—uy

S(z)+y — S(z +v)

1 [
fact(0) — S(0)

fact(S(x)) — fact(x) x S(x)

0000000 SN
000000000000 WCR
000000000 (CR)DDOO

40




ERNENRNRN

or(x, true) — true
or(true,x) — true

or(false, false) — false

SN OO0
Oo0o0o0o00ooooooooobboooog (CR)oDOO

41




UUO: HaskellUODOUO —0OOOOOOO

ElemUUUUOOO Elem cUOUUOOOUOLOO cOUOODOUOLOOOOOOO

type family Elem :: *x -> x

type instance Elem [e] = e

49



UUO: HaskellUODOUO —0OOOOOOO

data Z; data S a

type family Add :: * -> % -> x

type instance Add Z y =y

type instance Add (S x) y = S (Add x y)

Ooo0oooooonD (GHCcOooooooooo)

1. oottt otdbogtbbotdbotdbootbogd
Juobgugbgtdbootdboodbotgtobogd

2. type instance F t1 .. tn =t
t 0000000000 (¢ s)0000oooa
> s 00000000000000000
> s 00000000t .. tn000000000000000

> 000000 a00000a0 & 00000000t1 .. tnO00000O0O
Jooood

» CROOO ()OO SNODODO OOoOoooooo

43



UUO: HaskellUODOUO —0OOOOOOO

1. bbb botdbotdbootdbogbbgdbotbotbbogd
Jobooboodbotobotoboubotubobod

type instance F (a, Int) = [al
type instance F (Int, b) = [b] - gooogood

44




Second-order rewriting sysmte

45



000000 [Klop'80]

>

>

00 0000 (e)00000 (F, M,...) 000

00000000 (1): map

map(x.F[x], nil) — nil

map(x.F[x], X : XS) — F[X] : map(x.F[x], XS)
00000000 (2): A OO

app(A(x.M[x]), N) — M[N]

app(A(x.M), ) — M

Jotd: bbbttt botdbtubobogouod
Oo0o0o0o00oo @oooo)yoooooooood

000000 (Second-order algebraic theory) [Fiore, et al.’10] 00O O

46



Juooudood

oo EREEN
HREEN -00 A
guoggod 0000 ¥-00 (A,>Aa)

sNOOoogoogo

0000 200 (A,>4) 0 >,000
00 — 0000000000000

000
00000 —g
00000 —res

0000 Set00000000 Ts

00000 Pre 00000000 Ty

00000 Tres =& Tr+ Ts

— 000000000000000000 [Lith, Ghani'97]

HREEN
guoouod

>-0000 (A,>4)

0000 X-0000 (A,>4) [00'05]

O0: 0000000000 0000000000 [O00'07]
cf. International Summer School DO OOOOO [OO'15]

A7
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Juoogdoootdn

Dooooooo ¢ ouondoooooug:

f:AxB — C
cur(f): A—— B=C

OO00000000000 [Lambek-Scott]
Strong Categorical Combinatory Logic [Curien'86]

(ass) (coy)oz = xo(yoz)
(idL) Idow
(idR)  zold
(fst) Fst o (x, y)

€T

£

£

(snd) Snd o (x, y) = vy
(dpair) (xz,y) oz = (xroz,yoz)
(beta) Appo (A(z),y) = =zo(d,y)

(dA) A(x) oy

(ai) A(App)
(fsi) (Fst, Snd)

A(x o (y o Fst,Snd))
Id
Id

490



Juoogdoootdn

Jubogdootdbood

o JO0OO.-00000000O000 (explicit substitution) DO 0OOOO
Weak Categorical Combinatory Logic [Curien’'86]

(idL) Id - x — @
(ass) (xoy) -z — x-(y-2)
(fst) Fst - (x, y) — @
(snd) Snd - (x, y) — oy
(dpair) (T, y) - 2 — (z-2,Y-2)
(app) Appo(z,y) — =xoy
(dA) (A(z) -y) -2 — Az-(y,2)
+(Quote)
~» Categorical abstract machine (CAM) ~ Caml OO OOOO

[Cousineuau, Curien, Mauny, Sci. Comp. Prog.'86]

50



oot vs g

Jubgdogtdbootdbootdtn

1. Do : bgdbootdbodbbugdn

ty —> ty ———> o

/ \
to v (000 =0000)

\ /

Sl—>82—>...

OO0OO0»»OOOOOOOOOOOODOODODOOOO (call-by-valueO)

2. Jootdbogood

s="1 e S t

N
N S

HREEN

O 000 » Normalisation by EvaluationU O OO OO OO O
51



U oot doodtd

> Uuboubbdbootdbogbbtgdbootdboogun:
00000000 (@oob) ~000ooooo

> ODUoododod
000000 (Second-order algebraic theory [Fiore, et al.’10] 00 O

— dooooobodbooobdoboogbtododgndn
[Staton LICS'13][Fiore,Staton LICS'14][Staton POPL’'15] O
O0bodoogodbdnd

—=000000ooo (@oboboooooooosNOoooooO)

52



U oot doodtd

0000000000000 [Curien,Hardin, 000 198000

FE
HAFIAVAIL
JA>ExR—%

BAREIAA
sTER

Joo35=>

Caml

it

Aoz

000000000 [00O,00,00 20150]

— SR
DLHE

53




Baader-Nipkow

S Term Rewriting
*;ngf{ﬂg and All That

Franz Baader
Tobias Nipkow

a>eEl1—4
Higis
INRTYD

=i &

B 0 B WAL R A5
B R |

pUL LR

e

Term
Rewriting
Systems

HEH, SREE

IR
27 b T BE

J%%W

eI LB

A

IRERZ R, FmE,

54

TERSE
A5 DANE

DELN
FENCES

HHE. FaH. Y1 IR

Information Science & Engineering (¢,
= =gy, =0 :
= =

A I EE Tllf-nlﬁ
=~Fa-UV TSI LY M~

HBUEMY-REE HE

YL/

HREBRZ R
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Juoogdoootdn

Strong Categorical Combinatory Logic [Curien’'86]

(ass) (coy)oz — xo(yoz)
(idL) I[dox — T

(fst) Fst o (x, y) —
(beta) Appo {(A(z),y) — =xold,y)

(dA) A(x)oy — A(x o (yoFst,Snd))
(fsi) (Fst, Snd) — Id

T

0000000000 (CR)OOO0OO0OO (cf. OOOXNDOO4SPO OOOO0OOO
[Klop'80])

> 000 CcrROOOO0OO
—000000: O00o0ooooo [O0O TCs'89] [Hardin TCS'89]
O00o000ooooo [od SIAM J.'90]

> 000000 explicit substitution U O 0O0OOO O
Hardin. From categorical combinators to A\ o-calculi,

a quest for confluence. Research Report, RR-1777, INRIA. 1992.
56



0000000 : Combinatory Logic

Combinatory Logic
((S-z)-y)-z— (z-2)(y-2)

SNOOUOO0U0MmMmoboooodooooboooodooon

Combinatory Logic + equality
((S-z)-y)-z— (x-2)(y-2)
(K-z) y—w
(D:-x)-z— E

0000000000 [Klop'80]

57




0000000 [Klop'80]

00 TRSOOO
r(D-a:)-a: — FE
(C - x) — (D-z)-(C-x)

_/\

A — CA
Oo0dognon
A - CA - DA(CA) — D(CA)(CA) — E
'
C(CA)
'
CFE
|
D(E(CE))

\
D(E(D(E(CE))))

58



HREEN

Combinatory Logic + applicative equality

(S x) y)-z—(x:2)(y-2)

Jubgdbogdoogn ...

Combinatory Logic 4+ equality
((S-x)-y)-z— (z-2)(y- =)
(K-z) -y —zx
D(xz,xz)— E

oot
50



000000000 [00'87]

R, 1 R, OO UOOOUOODO & RiPR, UUOUDOOODO

Combinatory Logic + equality

((S-z)-y)-z— (z-2)(y-2)
(K-z) -y —=x

D(x,x) - E

R, ® R, 0 disjoint union (OO OOODOOOOOOO)

60



000 (CR)DDDDOO

TRS R UOODOUOOOOOOO

(i) ROOOO GN)OOOOOOOOO0OOOO0O [Knuth,Bendix'70]
(i) ROODOO(SN)ODOD0O0D0OODO0O0ooooon

(iii) (Orthogonality) DO DO O0O0O0O000O0O [Rosen'73]

(iv) 0000 paralell closed [Huet'80]
..00000 [00'81,88][van Oostrom’'95] 00000

(v) (Persistence) R 000000000 CROODDOOO RO CR[ODO,D00'97]

0: (i)(@ii) O NewmannDODODO (SN 4+ 0000 (WCR)=CR)0DODODOODO

> U U0y

http://cl-informatik.uibk.ac.at/users/ami/15isr/tools.php
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0000000 : Combinatory Logic

Combinatory Logic
((S-z)-y)-z— (z-2)(y-2)

SNOOUOO0U0MmMmoboooodooooboooodooon

62




0000000 : Combinatory Logic

Combinatory Logic 4+ equality

((§-z)-y)-z—=(z-2)(y-2)
(K-x) y—w
(D:x)-z— E

00000000 [Klop'80]
> CROOOOOD [00'87]000000: R R, 00DDODO

> Uoodobodoodootdboggbodbootdboodbooggod
[OCostrom’O5|=00000000000000O0000000000

> OO 0ddoddooddn O
OO0000000000 (Recursive Program Schema) O
disjoint union OO OO0OOO0OO0OO0O [O0O PPDP'0O7]
Doddbooddooddn

63



TRSOOOO

Juoguogd
TRSR OUOOU

s =Rt ooy

|

[s] >4 [t] OO0 (A,>4)

64



TRSUOUOOOOOO

0J00000000000000

00 (00000000000)

3000 (A,>4) & >4 .00 = —x 0000000
[00]0O0000:

t1_>7'\’,t2_>’R,"° O000dnon
|It1]] > A [[tz]] >A v OOo0gdn

oooonD: (N,>), [-]0000000000000000
f(f(a)) == f(a) =% a R ={f(zx) — =}
Jmﬂ (0O0DO00)

3>2>1
65



TRSOOOO

TRSOUOOO =0000 ZDD(A,>)
[ 0+ y — S(0)
S(x) +y — S(xz+y)

X UOoooao
T (X)) OOO (000O0) 0 00 ¥-00 ¢ 00000 (homomorphism)
x X 7(x) S0 S(x)
»
00 A 1+0 1+ ¢(x)

Jubogdbotdd =boutdug
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L [

A: WCR # A:CR
O: 000wCROOOOOOO

|
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